We prove a refinement of Vogel's statement that the Vassiliev invariants of knots coming from semisimple Lie algebras do not generate all Vassiliev invariants. This refinement takes into account the second grading on the Vassiliev invariants induced by cabling of knots. As an application we get an amelioration of the actually known lower bounds for the dimensions of the space of Vassiliev invariants.
Introduction
Vogel found a primitive element in the Hopf algebra of chord diagrams that cannot be detected by semisimple Lie superalgebras with Casimir ( [11] ). This element is shown to be non-trivial thanks to an injection of a certain algebra Λ into the space of Chinese characters with two univalent vertices. As a consequence of this result not all Vassiliev invariants of knots come from semisimple Lie superalgebras with Casimir. In this paper we will use Vogel's methods to construct Chinese characters that cannot be detected by semisimple Lie algebras. In contrast to Vogel's element, these Chinese characters may have any given even number of univalent vertices. To prove that they are non-trivial, we evaluate them with a weight system associated to the Lie superalgebra D(2, 1, α). For these computations we will make use of the work of Kricker ( [7] ) that simplified and generalized a part of Bar-Natan and Garoufalidis's proof of the Melvin-Morton-Rozansky conjecture ( [3] ). As a consequence of our result for every even k there is a Vassiliev invariant that is an eigenvector for the n-th cabling of knots modulo invariants of lower degree with eigenvalue n k , but that is not a linear combination of Vassiliev invariants coming from semisimple Lie algebras.
The Main Result
Let the ground field always be the field C of complex numbers. We refer to [1] for the definition of the space A generated by Chinese character diagrams and the so-called (STU)-relations, of the space B generated by Chinese characters and the (IHX)-and (AS)-relations, and of the isomorphism χ : B −→ A. Let us denote the universal weight system associated to a Lie superalgebra L with Casimir element ω by W L,ω : A −→ U (L). It takes values in the center of the universal enveloping
Important classes of weight systems consist of linear combinations of the maps W L,ρ,ω where L is a Lie (super)algebra with Casimir element ω. Now we can formulate our main result. The theorem implies a conjecture on marked surfaces stated in Remark 2 of [2] . Therefore it allows to improve the actually known lower bounds of the space of Vassiliev invariants ( [2] , [6] ). The special case k = 2 of Theorem 1 is implied by [11] , Theorem 7.4 (the bounds for d come from Proposition 2 of this paper). In the case k = 2, the result holds more generally for all semisimple Lie superalgebras with Casimir. It would be nice to prove Theorem 1 in this generality also for k ≥ 4. Let us give an equivalent formulation of Theorem 1 on the level of Vassiliev invariants. The n-th cabling of framed knots (see [1] , Definition 3.13) induces an algebra endomorphism c n of the space of Vassiliev invariants of framed knots V. Denote by V m,k the space of canonical Vassiliev invariants v of degree m such that c n (v) − n k v is a Vassiliev invariant of degree m − 1. A Vassiliev invariant is called primitive, if it is additive for the connected sum of framed knots. In the proof of the following corollary we recall the relation between V m,k and two gradings on B. Proof: Let D k+d,k be the element of B considered in Theorem 1. Choose some complement N of C · D k+d,k in B that respects the two gradings on B given by half of the number of vertices and the number of univalent vertices of Chinese characters and such that χ(N ) contains the space of decomposable elements of A. Define a weight system w that vanishes on χ(N ) and is 1 on χ(D k+d,k ). Then w is a primitive element of A * . So the weight system w integrates to a primitive Vassiliev invariant v of degree k + d. By Theorem 3 of [8] the element χ(D k+d,k ) is an eigenvector for the maps ψ n from [1] with eigenvalue n k since D k+d,k has k univalent vertices. Now Exercise 3.14 of [1] 
The rest of the paper is devoted to the proof of Theorem 1.
Sequences of Weight Systems
Let L be one of the following simple finite-dimensional Lie superalgebras (see [4] , [5] ):
Choose a Cartan subalgebra H of L and a system of positive roots
(1)
Let x β be a generator of the one-dimensional space L β (β ∈ ∆ + ). For λ ∈ H * let I λ be the left ideal in U (L) generated by the elements x β for β ∈ ∆ + and h − λ(h) for h ∈ H. The module V λ := U (L)/I λ is called the Verma module of weight λ. Denote the image of 1 in V λ by v λ . Let {y 1 , . . . , y r } be a basis of β∈∆ + L −β . Then the Poincaré-Birkhoff-Witt basis theorem for L (see [5] , Section 3) implies that
is a basis of V λ . The vector v λ ∈ V λ is a basis of the one-dimensional space of vectors of weight λ in V λ ; it generates V λ as a U (L)-module. By Proposition 5.3 c) of [5] there exists an invariant, supersymmetric, regular bilinear form <, > on L. Let ω ∈ L⊗L be the Casimir element associated to <, >. Since for a ∈ A the element W L,ω (a) belongs to the center of U (L), the endomorphism of V λ induced by W L,ω (a) is a scalar multiple of the identity. Let ρ : U (L) −→ End(V) be a finite-dimensional irreducible representation with highest weight λ. Then V is a quotient of V λ and we may determine W L,ρ,ω (a) with computations in V λ . This enables us to compare weight systems when the weight of the representation varies because we may use one and the same index set for the bases of the involved modules. Lemma 3.9 of [7] implies the following lemma. The Alexander-Conway weight systems of degree k are those that vanish on diagrams that have at most k − 1 vertices on the oriented circle. By Lemma 1 the coefficient of n k in W L,ρn,ω : A k −→ C is in the algebra of Alexander-Conway weight systems. The goal of [7] was to find an explicit expression for this highest coefficient. For v ∈ L β we will denote deg v ∈ {0, 1} by deg β. Since the restriction of the bilinear form <, > to H is nondegenerate, we identify H and H * and get a bilinear form on H * , also denoted by <, >. Then Theorem 3.11 of [7] states the following. Because of frequent use we will denote the Lie superalgebra D(2, 1, α) simply by D α . Let us give an explicit description of it. For α ∈ C \ {0, −1} there exists a basis
where
In [11] a Lie superalgebraD(2, 1) over the ring R = Z[a, b, c]/(a+b+c) is considered. Mapping (a, b, c) to (−α − 1, 1, α) we turn C into an R-module and recover D α as D(2, 1) ⊗ R C. Let us choose generators
and
Then one can check that our definition of D α agrees with the one given in Section 5 of [5] . We may choose a bilinear form <, > α on D α as in Proposition 5.3 of [5] , such that the matrix of the restriction of <, > α to the Cartan subalgebra H with basis
Then
is the Casimir element in D α ⊗ D α corresponding to <, > α . The Casimir element Ω from Lemma 6.12 of [11] is mapped to ω α by the specialization of the parameters a, b, c. 
as a positive root system of D α . Proof: The coefficients in ω α and the coefficients of the bracket of two basis vectors of D α are polynomials of degree ≤ 1 in α. Now arguments from the proof of [7] , Lemma 3.9 allow to conclude. 2 Now consider the Chinese character S k with k univalent vertices from the left-hand side of Figure 1 . By definition the element χ(S k ) is the sum over the k! diagrams in A that arise when the univalent vertices of S k are glued into an oriented circle in a permuted way. It follows from the (STU)-relation in A, as shown in Figure 2 , that the element χ(S k ) can be written as χ(S k ) = k!T k + diagrams that have k − 1 vertices on the oriented circle.
The STU-relation
We will now state an application of Theorem 2 that will be needed later. 
Proof: In Formula (6) we have chosen a positive system ∆ + of roots such that the generators e i of D α belong to positive root spaces. By Theorem 8 of [5] there exists a sequence of finite-dimensional irreducible representations ρ α,n of D α with highest weights λ n = n(3H * 1 + H * 2 + H * 3 ) (n = 1, 2, . . .). By Lemma 2 the values W Dα,ρα,n,ωα (χ(S k )) form a polynomial in n and α and the degree in n is bounded by k. Let us denote the coefficient of n k by d α,k . By Lemma 2 and Formula (7) we
The bilinear form <, > α induces a bilinear form on H * with matrix
Now we use Theorem 2 to compute for even k ≥ 2 and α = 1 that
Since we can show that
does not vanish as a polynomial in α. Thus we may choose n 0 such that W Dα,ρα,n 0 ,ωα (χ(S k )) does not vanish as a polynomial in α. So with the choice ρ α := ρ α,n0 we only have to exclude finitely many values of α in the statement of the proposition. 2
The Elements D k+d,k
Vogel defined a commutative graded algebra Λ equipping the space P (A) ≥2 of primitive elements of degree ≥ 2 with the structure of a graded Λ-module. Let L be a simple Lie superalgebra with Casimir ω. Then by Theorem 6.1 of [11] there exists a homomorphism χ L,ω : Λ −→ C such that for all λ ∈ Λ, for all representations ρ of L and for all a ∈ P (A) ≥2 we have
In the case of D α the specialization (a, b, c) → (−α − 1, 1, α) maps the elements σ 2 = ab + ac + bc and σ 3 = abc to −1 − α − α 2 and −α − α 2 respectively. By [11] , Theorem 6.13 there exists a morphism of graded algebras
Certain elements t, x 3 , x 5 , x 7 , . . . generate a subalgebra of Λ on which formulas for the maps χ L,ω are known. These formulas allow to prove the following proposition.
Proposition 2 For d = 15 and all d ≥ 17 there exist elements
. .] −→ Λ be the algebra morphism defined by mapping X i to x i and T to t. Let C[λ, µ, ν] S3 be the ring of symmetric polynomials in the indeterminates λ, µ, ν. There exist morphisms of algebras χ 0 , χ ′ L,ω , χ ′ D that make the following diagram commutative (see [11] , proof of Lemma 7.5).
It is not difficult to see that the image of χ 0 is
where t = λ + µ + ν. Let I = {λ, µ, ν}. Let
For all Q ∈ C[λ, µ, ν] S3 the element P Q is in the image of χ 0 . Furthermore, we have χ Proposition 2 was proved by the author by making a computation with Mathematica (see [9] ). The proof stated above is due to P. Vogel.
Proof of Theorem 1:
We turn the space P (B) ≥2 of primitive elements of B of degree ≥ 2 into a Λ-module by the formula
An example is shown in Figure 3 . Now we can define D k+d,k = P d · S k with the elements P d of Proposition 2. By Formula (10) we have W L,ω,ρ (χ(D k+d,k )) = 0 for all simple Lie algebras L with Casimir ω and representation ρ. By standard arguments using Exercise 6.33 of [1] this can be generalized to the case where L is a semisimple Lie algebra. Let ρ α be the representation of D α from Proposition 1. Then by Formula (10) and Formula (11) we have 
